A generalized coherent-potential-approximation (GCPA) 
I. INTRODUCTION Classical wave propagation and scattering is a topic extensively studied by both the physics and the engineering communities. It is the conventional wisdom that an isotropic, homogeneous, elastic solid has one longitudinal and two transverse modes, and a fluid has only one longitudinal-acoustic mode due to its lack of shear restoring force. For the fluid-solid composites, there are generally two types of behavior depending on the composite microstructure. For fluid-saturated porous media, where both the solid and the fluid phases form connected networks, Biot [1] has predicted the existence of two longitudinal modes, in addition to the two shear modes, where the fast longitudinal mode travels predominantly in the solid frame and the slow longitudinal mode mainly in the fluid. This prediction was indeed confirmed experimentally [2] . On the other hand, for dispersed random media where the solid particles form a discrete dispersion embedded in a liquid matrix, i.e. , colloidal suspensions, it has been shown both theoretically and experimentally that at low frequencies there is only one acoustic mode [3, 4] . As the frequency increases so that the wavelength becomes comparable with the scale of random inhomogeneities, the character of wave propagation is generally expected to change drastically due to the possibility of strong multiple scattering. For the solid-liquid system, James [5] first derived a formula for the scattering of an acoustic wave by a solid sphere immersed in liquid, which served as the basis for the multiple-scattering calculations to follow. Many different theoretical schemes, such as the T-matrix method [6, 7] of Waterman, coherentpotential approximation (CPA) [8] , and the quasicrystalline approximation [3,4,8 -10] , have been developed for the calculation of multiple-scattering effects. Wavelocalization phenomena [11] have also been predicted to result from multiple and resonant scatterings. However, despite extensive studies there has still been a lack of systematic understanding of wave-transport behavior in the intermediate-frequency regime. This situation is evidenced by the developments described below.
Recent Brillouin-scattering experiments [12] characteristics vary with the concentration of the solid spheres, whereas in the low-frequency regime there is indeed only one acoustic mode. These experimental results directly challenge our conventional understanding in two respects. First, how can there be more than one compressional mode in a colloidal suspension where the system has no overall shear modulus? Second, since the occurrence of the two modes coincides with the regime of strong resonant scattering, even the existence of propagating modes is a surprise and contrary to the conventional view that only diffusive transport exists in the strongscattering regime [11] . Also, the measured dispersion relations contain features, e.g. , gaps in the dispersion relations, that are not immediately understandable.
The primary motivation of this work is to find an explanation for the above experimentally observed phenomena. The results of our study show, surprisingly, that the behavior of wave transport in the intermediate-frequency regime can be described by a simple approach that is based on the generalization of the well-known coherentpotential approximation (CPA). In particular, our generalized CPA condition offers a simple avenue for the identification of quasimodes and the calculation of their dispersion relations [13] . In what follows, we first present the physics of our results in Sec. II before delving into the model description and formulation in Sec. III, followed by the presentation and discussion of numerical results in Secs. IV and V. Our calculational effort can be separated into four stages. In the simplest stage, we do a onesphere calculation which, however, contains the impor- 46 6513
1992 The American Physical Society tant short-range correlation between the solid sphere and the enveloping liquid in a dispersed random medium. In the second stage we do a two-sphere calculation in which all the multiple scattering between the two spheres is treated exactly. In the third stage we extend the calculation to four spheres and ten spheres and treat the multiple scattering between these spheres exactly. In the fourth stage we carry out direct numerical simulations.
The purpose of these layers of effort is to verify the physics of our results, e. g., the effect of short-range order among the spheres, the effect of fluid visciosity, etc.
While our main results are simple, it has to be understood in the correct context that there are many side effects which may affect the main results to some degree. Section VI extends our approach to the electromagnetic case and shows that in a system of randomly dispersed metallic spheres there can also be multiple quasimodes.
II. STATEMENT OF MAIN RESULTS
In Fig. 1 hat bears resemblance to the roton in liquid He. These features are the subject of our theoretical investigation. In the context of the experimental results described above, the results of our study may be stated as follows [13] . First Fig. 2 (3.19) diagonal term T'q, which is related to the forwardscattering amplitude by Eq. (3.9) . Therefore, we only need to know the forward-scattering amplitude f(q,q) of the basic scattering unit. In the following, we present the derivation for the case of N =2 in some detail. The generalization to the case of N spheres is given in Appendix B.
We assume the scattering unit with N=2 is in the form of a capsule, as shown in Fig. 2 [17, 18] The explicit expressions for sl~I and O. l.~I are given in Appendix B. To fit the boundary conditions at S, it is noted that because the surface S is not spherical, the expansion coefficients are obtained by carrying out a surface integration over S for the two equations corresponding to the boundary conditions. The resulting equations are Because the system is random, the forward-scattering amplitude is averaged over all possible incident directions ofk There are two generic integrals in the above two equations that can be written as I&''I. , (k)= f I"'(kr(8})YI (r)Y&' (r}dS~, ,"s,
4~k m Im (3.30) Equation (3.30) is then averaged over separation d&2 by using the radial distribution function for the hard-sphere model [19] . Finally 5, and (b) +=0.51.
In Fig. 5 we analyze the partial-scattering cross section of different angular components for the first four main peaks. It is seen that the first peak in Fig. 4 corresponds to the 1=2 partial wave, and the second peak to the l =3 partial wave. The third main peak is seen to consist of two small peaks. The different I components of these two peaks exhibit only minor differences. As frequency increases, more l components contribute to the same resonance peak. For each peak there exists a maximum l,"=~d/ct beyond which the partial-scattering cross section decreases very rapidly and can be ignored.
In contrast to the behavior of the high-frequency mode, the peak DOS for the low-frequency mode corresponds to the single-sphere resonance frequency. In Fig.  3 Fig. 4 are seen to be about equally spaced with a separation of 1.48, which is almost exactly the predicted value.
Since the high-frequency mode depends on the antiresonance condition whereas the low-frequency mode depends on the resonance condition {with interaction), they are expected to exhibit distinct behaviors as the shear modulus varies. Figure 6 demonstrates Fig. 8 the total-scattering cross sections, corresponding to three different incident angles Fig. 3(b) . However, there are several important differences. First, the width for both modes becomes larger than that for a single sphere, especially for the low-frequency mode around qd =5. This is in agreement with the experimental result that around qd =5 the low-frequency mode is very weak.
Second, the peak position of the DOS for the lowfrequency mode is seen to move down in frequency around qd =5, thereby becoming closer to experimental data. This is due to the short-range-order effect that we have taken into account in our two-sphere calculation. Third, the higher-order gaps in the high-frequency mode become less distinct. This apparently also results from the interaction between the two spheres, and is closer to the experimental observation.
In order to delineate the short-range correlation effect even more clearly, we have carried out a calculation for a cluster of four spheres (Fig. 9) Fig. 12(a) for comparison. In Fig. 3(a) it is seen that at qd =5. 3 , there are four peaks of DOS. These are clearly evident in Fig.   12(a) . Experimentally, however, the lower peaks are not identifiable and only two are evident. These are indicated by the two arrows. It can be seen that as X increases from 4 to 10, the low-frequency mode becomes lower in frequency and both modes become broader than the single-coated-sphere case. These results thus not only confirm the short-range-order effect but also verify the physical picture presented by the single-coated-sphere case.
As stated in Sec. II, the nonvanishing scattering cross section at the antiresonance condition means that the modes are quasimodes.
They have finite lifetimes, or finite frequency widths 5co. Although our single-sphere calculations given excellent agreement in terms of dispersion relations, it cannot reproduce the widths of the two modes because of the lack of random scattering from neighboring spheres. The widths in the two-sphere calculation are better, but the peaks are sti11 narrower compared with the experimental results. Our four-sphere calculation, however, does give results which are in reasonable agreement with the experiment. In Fig. 13 Fig. 14(b) . Theoretically, the scattering cross section should be independent of the incident angle, so the deviations from the accurate result [solid curve in Fig. 14(b To further check our theory and the effect of fluid visciosity, numerical simulation of a two-dimensional system is carried out by using a finite-difference scheme on a staggered grid [21] . Fig. 15 . Qualitative similarity to that shown in Fig. 3 is seen. The effect of decreasing the shear modulus is also examined, with exactly the same qualitative result as that shown in Fig. 6 . For a system of dielectric or metallic spheres randomly dispersed in a homogeneous dielectric medium, the effective dielectric constant e in the long-wave length limit can be determined by the Maxwell-Garnett [23] equation. However, when the wavelength becomes comparable to the sphere size, resonance modes of the sphere will be excited, and quasimodes can appear as discussed before. In this section the emphasis will be on those aspects which are different from the acoustic-elastic case.
The formulas for the scattering of a single sphere and a coated sphere can be found in Refs. [20] and [24] . Those related to the resonance modes may be found in Ref. [24] . A. Scattering by a dielectric sphere
In Fig. 17 Fig. 17 with Fig. 4 , two differences clearly emerge. First, the positions of the sharp scattering peaks in Fig. 17 are seen to be irregular, and the difference between the peak and valley is not as large as that of Fig. 4 . Second, large dips (black arrows in Fig. 17 Fig. 18(a) .
Here the surface mode speed is given by c surf c
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s 'EO (6.3) where the condition for the existence of a surface mode is E' Ep&0, and e, +op(0 (6.4) For the parameters used in the calculation of Fig. 18 (a),
we have c, ", f =0.83c. 18(b) corresponds to the surface mode of a small particle [19] .
The resonance peak occurs at co/co =I/&3. These results are clearly seen in Fig. 19 .
One way in which our results can be compared with experiment is through the effective dielectric constant defined by e=(k,"/co, ") c, where k,"and co, [25] . In Fig. 20(a) In fact, at this sphere size, one additional resonant mode already exists as shown in Fig. 18(c) , and the yellow band in the region of the gap, shown in Fig. 20(a) Fig. 2(c) Since there are three boundary conditions at the solidliquid interface, we can eliminate the three expansion (10 ) 
(i0).
coefficients ai, "", b", ', and cl ' in Eq. 
If the effective medium is the same as the fluid inside the scattering unit, then our result, Eq. (B13), reduces to that for the scattering of a cluster of spheres immersed in fluid. It is also easy to generalize our result to the case where the spheres are not identical. This can be done by setting the single-sphere scattering expansion coefficient, At in Eq. (B.6), to equal that for the particular sphere.
The displacement transformation matrix st, t (D}in Eq. (3.24) is given by [17, 18] st, t (D)= g( - 
